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Introduction
In many stochastic models, the assumption of independence among random variables is not plausible. So, it is necessary to extend the concept of independence to dependence cases, one of these dependence structures is negatively quadrant dependent (NQD) random variables.
The concept of NQD random variables was introduced by Lehmann [1] . Definition 1.1 [1] Two random variables X and Y are said to be NQD random variables if for any x, y R,
P(X < x, Y < y) ≤ P(X < x)P(Y < y).
(1:1)
A sequence of random variables {X n ; n ≥ 1} is said to be pairwise NQD random variables if for all i ≠ j , i, j N, X i and X j are NQD random variables.
Obviously, a sequence of pairwise NQD random variables is a family of very wide scope, which contains sequences of pairwise independent random variables. Many known types of negative dependence such as negatively orthant dependent (NOD) random variables and negatively associated (NA) [2] random variables are the most important and special cases of pairwise NQD random variables. So, it is very significant to study probabilistic properties of this wider pairwise NQD class. Since the concept of NQD random variables was introduced by Lehmann, many researchers have been established a large number of limit results for pairwise NQD random variable sequences. We can refer to Matula [3] for the Kolmogorov strong law of large numbers, Wang et al. [4] for the Marcinkiewicz strong law of large numbers and Baum and Katz complete convergence theorem, Wu [5] for Three series theorem, the complete convergence theorem and Marcinkiewicz strong law of large numbers, Chen [6] for the Kolmogorov-Chung-type strong law of large numbers, Gan and Chen [7] for the strong stability of Jamison's weighted sums. But most of their results were achieved under the identically distributed condition and some results were obtained even under the condition of * (1) <1, where
When these are compared with the corresponding results of independent random variable sequences, there still remains much to be desired.
The concept of complete convergence of a sequence of random variables was introduced by Hsu and Robbins [8] . A sequence of random variables converges completely to the constant c if
(1:2)
In view of the Borel-Cantelli lemma, this implies that X n c almost surely. Hence, the complete convergence is a very important tool in establishing almost sure convergence of summation of random variables. Hsu and Robbins [8] proved that the sequence of arithmetic means of independent and identically distributed random variables converges completely to the expected value if the variance of the summands is finite. Erdös [9] proved the converse. The result of Hsu-Robbins-Erdös is a fundamental theorem in probability theory and has been intensively investigated in several directions by many authors in the past decades. One of the most important results is Baum and Katz [10] strong law of large numbers. Theorem A [10] Let ap ≥ 1, p >2, and let {X n ; n ≥ 1} be a sequence of independent and identically distributed random variables and
Wu [5] extended the result of Baum and Katz [10] to pairwise NQD random variable sequences with identically distributed under the condition of ap > 1 and 0 <p < 2.
Theorem B [5] Let ap > 1, 0 <p < 2, and let {X n ; n ≥ 1} be a sequence of identically distributed pairwise NQD random variables and
In this article, complete convergence and strong law of large numbers for sequences of pairwise NQD random variables with non-identically distributed are investigated. The main results obtained generalize and extend the relevant result of Wu [5] for sequences of pairwise NQD random variables with identically distributed.
Main results
Throughout this article, the symbol c denotes a positive constant which is not necessarily the same one in each appearance, a n = O(b n ) will mean a n ≤ c(b n ), and a n ≪ b n will mean a n = O(b n ).
We will use the following concept in this article. Let {X n ; n ≥ 1} be a sequence of NQD random variables and let X be a nonnegative random variable. If there exists a constant such that
Then, {X n ; n ≥ 1} is said to be stochastically dominated by X (briefly {X n ; n ≥ 1} π X). Clearly if {X n ; n ≥ 1} π X, then for 0 <p < ∞, E|X n | p ≤ cEX p for any n ≥ 1. Now we state the main results of this article. Theorem 2.1 Let {X n ; n ≥ 1} be a sequence of non-identically distributed pairwise NQD random variables with {X n ; n ≥ 1} π X and E|X| p < ∞, 0 <p < 2 and let
Theorem 2.2 Let {X n ; n ≥ 1} be a sequence of non-identically distributed pairwise NQD random variables with {X n ; n ≥ 1} π X and E|X| p < ∞, 0 <p < 2 and let
Proof of main results
To prove our main results, we need the following lemmas. Lemma 3.1 [1] Let X and Y be NQD, then (1) EXY ≤ EXEY ; (2) P(X > x, Y >y) ≤ P(X >x)P(Y >y), for any x, y R; (3) If f, g are both nondecreasing (or non-increasing) functions, then f(X) and g(Y ) are NQD.
Lemma 3.2 [5] Let {X n ; n ≥ 1} be a sequence of pairwise NQD random variables with EX n = 0 and EX 2 n < ∞ for all n ≥ 1. Then
, for all n ≥ 1;
, for any i ≥ 1. For all ε >0, first we show that
(1) when 0 <p < 1, then
Since,
It follows from Kronecker lemma that
Hence, we get that
(2) when 1 ≤ p < 2, by EX n = 0 and E|X| p < ∞, then
From (3.5) and (3.6), we easily know that (3.1) follows.
By (3.1), for any ε >0, n large enough, it follows from that
It follows from (3.1) that for n large enough
Hence, we need only to prove that
and
follows from Lemma 3.2 and Markov inequality that
(3:12)
The proof of Theorem 2.1 is complete. Remark 3.1 Theorem 2.1 shows that when ap = 1, Baum and Katz complete convergence theorem for pairwise NQD random variable sequences still holds true under the stronger condition. The result generalizes and extends the corresponding result of Wu [5] for sequences of pairwise NQD random variables with identically distributed.
Remark 3.2 Under the conditions of Theorem 2.1, it is well known that (2.1) holds for 0 <p < 1 without the factor log n, i.e.
Proof of Theorem 2.2 For all ε >0, from (2.1), we obtain that
Then we know that
(3:13)
It follows from Borel-Cantelli lemma that
Hence,
For all positive integers n, there exists a non-negative integer i 0 , such that
Thus The proof of Theorem 2.2 is complete. Corollary 3.5 Let {X n ; n ≥ 1} be a sequence of non-identically distributed NOD (or NA) random variables with {X n ; n ≥ 1} π X and satisfying the conditions of Theorem 2.1, then
|S j | > εn 1/p log n) < ∞ for all ε > 0.
Corollary 3.6 Let {X n ; n ≥ 1} be a sequence of non-identically distributed NOD (or NA) random variables satisfying the conditions of Corollary 3.3, then, lim n→∞ S n n 1/p log n = 0. a.s.
